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Abstract
A proper vertex coloring of a graph G is called a star coloring if every two color
classes induce a forest whose each component is a star, which means there is no
bicolored P4 in G. In this paper, we show that the Cartesian product of any two
cycles, except C3C3 and C3C5, has a 5-star coloring.
1 Introduction
All graphs considered in this paper are simple which means with no loops or multiple
edges. Let G be a graph. We denote the vertex set and the edge set of G by V (G)
and E(G), respectively. In this paper Pn and Cn denote the path and the cycle with n
vertices, respectively. The Cartesian product of two graphs G1 and G2 is a graph denoted
by G1G2, with the vertex set V (G1G2) = V (G1)× V (G2) and u = (u1, u2) is adjacent
to v = (v1, v2) whenever either (u1 = v1 and u2 is adjacent to v2) or (u2 = v2 and u1 is
adjacent to v1).
A proper coloring of a graph G is an assignment of k colors to the vertices of G such
that no two adjacent vertices have the same color. A star coloring of a graph G is a proper
vertex coloring of G such that no P4 is bicolored. Indeed, a star coloring of a graph G is a
proper vertex coloring of G such that the union of every two color classes induces a forest
whose each component is a star. The star chromatic number of a graph G is the minimum
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number of colors which are necessary to color the vertices of G such that G has a star
coloring and is denoted by χs(G). This definition was first introduced by Gru¨nbaum in [7].
Later, it was well studied and has been widely investigated [4, 10]. An acyclic coloring is
a proper vertex coloring such that the union of any two color classes induces a forest. If
this coloring is not necessarily proper, then it is called the acyclic improper coloring of
graphs, see [2]. Star colorings are a strengthening of acyclic coloring, which is a proper
vertex coloring in which every two color classes induce a forest (and there is no bicolored
cycle).
Albertson et al. [1] showed that the star coloring problem is NP-complete even re-
stricted to planar bipartite graphs. Fertin et. al. [6] determined the exact value of the star
chromatic number of different families of graphs such as trees, cycles, complete bipartite
graphs, outer planar graphs and 2-dimensional grids. They also provided bounds for the
star chromatic numbers of other families of graphs, such as planar graphs, hypercubes,
d-dimensional grids (d ≥ 3), graphs with bounded treewidth, and cubic graphs. However,
the star coloring of planar graphs has attracted lots of attention. Gru¨nbaum in [7] found
some relations between star coloring and acyclic coloring and provided an upper bound
2304 for the star chromatic number of a planar graph. Later, this upper bound was re-
duced to 80 by [3] and to 30 by [11]. However, Albertson et. al. [1] improved this bound
to 20. Regarding the lower bound, Fertin et. al. [6] gave a planar graph with its star
chromatic number 6. Moreover, in [9], the upper bound for the star chromatic number
of graphs in terms of the maximum number of vertices that are pairwise adjacent in G is
given.
It is not hard to see that for every natural number n ≥ 3, χs(Pn) = 3 and
χs(Cn) =
{
4 n = 5
3 otherwise.
It was proved that for natural numbers m and n, min{m,n} ≥ 4, χs(PmPn) = 5,
see [8]. Moreover, in [8] it is proved that for every two natural numbers m,n ≥ 3, 4 ≤
χs(PmCn) ≤ 5. The following conjecture was proposed in [4].
Conjecture 1. Let m,n ≥ 3 be two natural numbers. Then
χs(CmCn) =
{
6 m = n = 3 or m = 3, n = 5
5 otherwise.
Recently, in [8], this conjecture was proved for m = n = 3 and also for every two
natural numbers m,n ≥ 30. In this paper, we prove this conjecture for all cases.
2
2 Results
In this section, we would like to show that the Cartesian product of any two cycles, except
C3C3 and C3C5, has a 5-star coloring. It was proved that for every two graphs G and
H, χs(GH) ≤ χs(G)χs(H), see [6]. The following results were proved on star coloring
of the Cartesian product of two graphs.
Theorem 2. [6] For i = 2, 3, χs(P2Pi) = i + 1 and for every two natural numbers m
and n, min{m,n} ≥ 4, χs(P2Pn) = χs(P3Pn) = χs(P3P3) = 4 and χs(PmPn) = 5.
Theorem 3. [8] Let n ≥ 3 be a natural number, then
χs(P3Cn) =
{
4 n ≡ 0 (mod 2)
5 n ≡ 1 (mod 2).
Theorem 4. [5] For natural numbers m,n ≥ 3, 5 ≤ χs(CmCn) ≤ 6.
Theorem 5. [8] For natural numbers m,n ≥ 4, χs(PmCn) = 5.
Theorem 6. [8] For natural numbers m,n ≥ 30, χs(CmCn) = 5.
We start the paper with the following result.
Theorem 7. χs(C3C5) = 6.
Proof. Let G = C3C5. Clearly, G is a grid with 3 rows and 5 columns. To the contrary
and by Theorem 4, assume that G has a star coloring by the colors {a, b, c, d, e}. First,
we want to show that each color can be appeared at most 3 times in the star coloring of
G. To see this, first note that since every two vertices on each column of G are adjacent,
thus each color can be appeared at most once in each column of G which implies that each
color is appeared at most 5 times in the star coloring of G. Now, with no loss of generality
assume that the color a is appeared 5 times which means that the color a is appeared
in each column. Thus there are 10 remaining vertices and 4 available colors. Then by
the pigeonhole principle there exists a color, say b, is appeared at least 3 times. Since
the color b should appear in distinct columns, we conclude that there are at least three
columns containing the colors {a, b} which implies that there are two consecutive columns
containing the colors {a, b}, which contradicts having no 2-colored P4. Thus, each color
3
can be appeared at most 4 times in the star coloring of G. Assume that the color a is
appeared 4 times. Note that not more than one color can appear 4 times, otherwise there
are two consecutive columns containing the same pair of colors, a contradiction. Hence,
there are 11 remaining vertices and 4 available colors which the pigeonhole principle implies
that one color, say b, is appeared exactly 3 times. Now, there are 8 remaining vertices
and 3 colors left which the pigeonhole principle implies that one color, say c, is appeared
3 times, too. Next there are 5 remaining vertices and 2 colors left which implies that
two colors, d and e, are appeared 3 and 2 times, respectively. Since each color appears
in each column at most once, one may suppose that the color a is appeared in the first
four columns. If each of colors {b, c, d} are appeared three times in the columns which a
is appeared, then there are two consecutive columns containing the same pair of colors, a
contradiction. Thus each of the colors {b, c, d} is appeared exactly twice in the first four
columns. Therefore the fifth column consists of the colors {b, c, d}. Clearly, if the fourth
column contains two colors of {b, c, d}, then there are two consecutive columns containing
the same pair of colors, a contradiction. Thus with no loss of generality we can assume
that the fourth column contains the colors {a, b, e}. This implies that the colors {c, d}
should be appeared in two columns of the first three columns of G including the color a.
This forces the first and the third columns of G consist of {a, c, d}, otherwise there are two
consecutive columns containing {a, x}, where x ∈ {c, d}, a contradiction. Therefore the
first and the fifth columns contain the same pair of colors, a contradiction. This yields that
each color is appeared exactly three times and since there are 5 columns, for each color
there are two consecutive columns containing this color. With no loss of generality, assume
that the color a is appeared in the first and second columns of G. Now, if each colors
of {b, c, d, e} is appeared twice in these two columns, then we get a contradiction. This
concludes that each of the colors {b, c, d, e} is appeared twice in the columns third, fourth
and fifth. To choose two columns among these three columns we have
(
3
2
)
= 3 choices and
also we have 4 available colors {b, c, d, e}, by the pigeonhole principle we conclude that
there are two consecutive columns containing the same pair of colors, a contradiction. The
proof is complete. In the following, a 6-star coloring of C3C5 is given.
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Figure 1: A 6-star coloring of C3C5
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Given two integers r and s, let S(r, s) denote the set of all non-negative integer com-
binations of r and s, S(r, s) = {αr + βs | α, β ∈ Z+ ∪ {0}}.
The following result of Sylvester [12], has a key role in our proofs.
Theorem 8. [12] If r, s > 1 are relatively prime integers, then t ∈ S(r, s) for all t ≥
(s − 1)(r − 1).
Now, we are in a position to prove the following result.
Theorem 9. For every natural number n ≥ 4 and n 6= 5, χs(C3Cn) = 5.
Proof. By Theorem 8, every n ≥ 18 is a linear combination of 4 and 7 with non-negative
integer coefficients. Now, since the colors of the first three columns of Figure 2, (i) and (iii)
are the same, by considering some suitable copies of Figure 2, (i) and (iii), one may obtain
a 5-star coloring of C3Cn, for n ≥ 18. Notice that every integer n, n ∈ {8, . . . , 17}\{9}
is a linear combination of {4, 6, 7} and this implies χs(C3Cn) ≤ 5, (n 6= 9). Now, by
considering Figure 2, (iv) and using Theorem 4, the proof is complete.
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(iv)
Figure 2: 5-star colorings of C3Cn, for n = 4, 6, 7, 9

Theorem 10. For every natural number n ≥ 3 , χs(C4Cn) = 5.
Proof. By Theorem 9, we can assume that n ≥ 4. Then, by Theorem 8, every n ≥ 12
is a linear combination of 4 and 5 with non-negative integer coefficients. Now, since the
colors of the first three columns of Figure 3, (i) and (ii) are the same, by considering some
suitable copies of Figure 3, (i) and (ii), one may obtain a 5-star coloring of C4Cn, for
n ≥ 12. Notice that every integer n = 4, 5, 8, 9, 10 is a linear combination of {4, 5} and for
n = 6, 7, 11, by considering Figure 3, (iii), (iv) and (v) and using Theorem 4, the proof is
complete.
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Figure 3: 5-star colorings of C4Cn, for n = 4, 5, 6, 7, 11

Theorem 11. For every natural number n ≥ 4, χs(C5Cn) = 5.
Proof. By Theorem 10, we can assume that n ≥ 5. Theorem 8 states that every n ≥ 12
is a linear combination of 4 and 5 with non-negative integer coefficients. Now, since the
colors of the first three columns of Figure 4, (i) and (ii) are the same, by considering some
suitable copies of Figure 4, (i) and (ii), one may obtain a 5-star coloring of C5Cn, for
n ≥ 12. Notice that every integer n = 4, 5, 8, 9, 10, is a linear combination of {4, 5} and
also for n = 6, 7, 11, by considering Figure 4, (iii), (iv) and (v) and using Theorem 4, the
proof is complete.
7
35
2
4
1
4
1
3
5
2
5
2
4
1
3
4
1
3
5
2
3
5
2
4
1
4
1
3
5
2
5
2
4
1
3
1
3
5
2
4
2
4
1
3
5
(i) (ii)
2
3
5
2
1
5
2
1
4
3
2
4
3
2
1
3
2
1
5
4
2
5
4
2
1
4
2
1
3
5
2
1
4
5
1
5
4
2
1
3
1
5
3
2
4
5
2
1
5
3
4
3
5
4
2
1
4
2
1
5
3
5
3
2
4
(iii) (iv)
3
5
2
4
1
4
1
3
5
2
5
2
4
1
3
1
3
5
2
4
2
4
1
3
5
3
5
2
4
1
4
1
3
5
2
5
2
4
1
3
1
3
5
2
4
5
2
4
1
3
4
1
3
5
2
(v)
8
Figure 4: 5-star colorings of C5Cn, for n = 4, 5, 6, 7, 11

Theorem 12. For every two natural numbersm and n ≥ 3, m ∈ {6, 8, 9, 10}, χs(CmCn) =
5.
Proof. By Theorems 4 and 9, and using some suitable copies of C3Cn, one can see
that χs(C6Cn) = χs(C9Cn) = 5, for every natural number n, n 6= 3, 5. Figure 2, (ii),
Figure 4, (iii) and Figure 2, (iv) provide 5-star colorings of C3C6, C5C6 and C3C9,
respectively. Also, noting to Figure 4, (i) and (ii), we obtain a 5-star coloring of C5C9.
Similarly, by Theorems 4, 10 and 11 and using two copies of C4Cn and two copies of
C5Cn, one can see that χs(C8Cn) = χs(C10Cn) = 5 and the proof is complete. 
Theorem 13. For every natural number n ≥ 3, χs(C7Cn) = 5.
Proof. By Theorems 9, 10 and 11, one can assume that n ≥ 6. Theorem 8 states that
every n ≥ 6 is a linear combination of 3 and 4 with non-negative integer coefficients. Now,
although the colors of the first two columns of Figure 5, (i) and (ii) are the same, by
considering some suitable copies of Figure 5, (i) and (ii), one may still obtain a 5-star
coloring of C7Cn, for n ≥ 6. So, using Theorem 4 completes the proof.
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Figure 5: 5-star colorings of C7Cn, for n = 3, 4
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Theorem 14. For every natural number n ≥ 3, χs(C11Cn) = 5.
Proof. Clearly, by Theorems 9,. . .,13, one can assume that n ≥ 11. Theorem 8 states
that every n ≥ 12 is a linear combination of 4 and 5 with non-negative integer coefficients.
Now, since the colors of the first three columns of Figures 3, (v) and 4, (v) are the same,
by considering some suitable copies of Figures 3, (v) and 4 (v), one may obtain a 5-star
coloring of C11Cn, for n ≥ 12. For n = 11, consider the following 5-star coloring. Now,
by Theorem 4, the proof is complete.
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Figure 6: A 5-star coloring of C11C11
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We close the paper with the following theorem.
Theorem 15. For natural numbers m,n ≥ 3, χs(CmCn) = 5, except C3C3 and
C3C5.
Proof. If 3 ≤ m,n ≤ 11, then by Theorems 9,. . .,14, we are done. Now, by Theorem
8, every n ≥ 12 is a linear combination of 4 and 5 with non-negative integer coefficients.
Since the colors of the first three columns of Figure 3, (i) and (ii) and also the colors of
the first three columns of Figure 4, (i) and (ii) are the same, by considering some suitable
copies of these four graphs and using Theorem 4, the proof is complete. 
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